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In the presence of strong magnetic fields the electronic bandstructure of graphene drastically
changes. The Dirac cone collapses into discrete non-equidistant Landau levels, which can be exter-
nally tuned by changing the magnetic field. In contrast to conventional materials, specific Landau
levels are selectively addressable using circularly polarized light. Exploiting these unique properties,
we propose the design of a tunable laser operating in the technologically promising terahertz spec-
tral range. To uncover the many-particle physics behind the emission of light, we perform a fully
quantum mechanical investigation of the non-equilibrium dynamics of electrons, phonons, and pho-
tons in optically pumped Landau-quantized graphene embedded into an optical cavity. The gained
microscopic insights allow us to predict optimal experimental conditions to realize a technologically
promising terahertz laser.
The terahertz (THz) regime of the electromagnetic
spectrum can be exploited in a wide range of appli-
cations including medical diagnostics, atmosphere and
space science as well as security and information tech-
nology [1–4]. Although THz research has progressed sig-
nificantly in the last 20 years, the transition from lab-
oratory demonstration to practical environment has oc-
curred slowly and only for some niche applications. The
largest challenge is the lack of adequate, tunable THz
radiation sources. In 1986, H. Aoki proposed to design
Landau level (LL) lasers exploiting the discreteness of
LLs in two-dimensional electron gases [5]. Here, the en-
ergetic LL spacing and thus the possible laser frequency
can be externally tuned through the magnetic field. The
challenge for the realization of such a laser is to obtain
a stable population inversion, i.e. a larger carrier occu-
pation within an energetically higher LL. Since conven-
tional semiconductors exhibit an equidistant spectrum of
LLs, strong Coulomb scattering acts in favor of an equi-
librium Fermi-Dirac distribution and strongly counter-
acts the build-up of a population inversion. In contrast,
graphene as a two-dimensional material with a linear dis-
persion exhibits a non-equidistant LL separation offering
entirely different conditions for many-particle processes
[6–8]. Exploiting these remarkable properties of Landau-
quantized graphene, we propose an experimentally ac-
cessible scenario to achieve continuous wave lasing with
tunable frequencies in the technologically promising ter-
ahertz spectral regime.
The non-equidistant arrangement of energy levels[9, 10]
εl = sgn{l}~vF
√
2e0B
~
|l|, (1)
combined with selection rules for circularly polarized
light, allow to selectively address individual inter-LL
∗ samuel.brem@physik.tu-berlin.de
Figure 1. Laser scheme. Sketch of the energetically lowest
Landau levels in graphene embedded in an optical cavity. (A)
The linearly polarized optical pump field induces transitions
l = −3→ +2 and l = −2→ +3 (yellow arrows), which results
in a population inversion between l = +1 and l = +2 in the
conduction band and l = −1 and l = −2 in the valance band.
(B) The emission of optical phonons can act in favor of the
laser cycle (green arrows) or counteract the build-up of the
population inversion (red arrows). (C) To achieve stimulated
emission of photons, the system is embedded into an optical
cavity.
transitions. Here, the magnetic field B is perpendicular
to the graphene layer, vF denotes the Fermi velocity in
graphene, and l = ...,−2,−1, 0, 1, 2, ... is the LL quantum
number. Left (right) circularly polarized light, denoted
with σ+(−), exclusively induces transitions with quantum
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2numbers [11, 12] |l| → |l| + (−)1 . Thus, a linearly po-
larized optical pump field with an energy matching the
transition l = −2 → +3 can simultaneously induce a
population inversion between l = +2 and l = +1 as well
as l = −1 and l = −2, cf. Fig. 1A. In contrast to con-
ventional materials, the non-equidistant spectrum of LLs
in graphene efficiently quenches Coulomb scattering due
to restrictions stemming from the energy conservation.
While in a previous study [7], we have predicted the
appearance of such a population inversion between opti-
cally coupled LLs, in this work we go a significant step
forward. To achieve laser light emission, we propose to
embed the graphene layer into a high quality Fabry-Perot
microcavity [13] with a resonator mode matching the en-
ergy difference between l = +1 and l = +2, cf. Fig. 1C.
This way, the trapped cavity photons become multiplied
via stimulated emission, generating coherent terahertz
radiation. The lasing process including optical pumping
and stimulated emission of photons is complemented by
the emission of optical phonons. The latter depopulate
the lower laser level l = +1 and repopulate the initial LL
l = −3 for optical excitation, cf. inner green arrow in Fig.
1B. As a result, carriers perform cycles in a three-level
system and continuous wave lasing is possible. To model
the laser dynamics, we develop a fully quantum mechan-
ical theoretical approach providing microscopic access to
the coupled electron, phonon, and photon dynamics of
Landau-quantized graphene. The gained insights allow
to predict optimal experimentally accessible conditions
including magnetic field, cavity quality factor, and pump
intensity.
MICROSCOPIC MODELL
Based on the density matrix formalism in second quan-
tization [14–17] combined with tight binding wave func-
tions [9, 18, 19], we derive a set of luminescence Bloch
equations:
ρ˙l(t) = 2
∑
µl′
<{|gµl′l|2Sµll′ − |gµll′ |2Sµl′l} (2)
+
∑
l′
Pll′
(
ρl′ − ρl
)
+ Γinl (t)
(
1− ρl
)− Γoutl (t)ρl,
n˙µ(t) = 8NB
∑
ll′
|gµll′ |2<{Sµl′l} − 2κ
(
nµ − n0
)
, (3)
S˙µll′(t) = i
(
ωll′ + ωµ + iγll′(t) + iκ
)
Sµll′
+nµ
(
ρl′ − ρl
)
+ ρl′
(
1− ρl
)
+ Tµl′ − Tµl . (4)
This system of coupled differential equations describes
the temporal evolution of the carrier occupation proba-
bilities ρl(t) of LLs with the quantum number l. The
carrier occupation is coupled to the number of photons
nµ(t) of the two relevant cavity modes µ = σ± via the
photon-assisted polarization Sµll′(t), which is the proba-
bility amplitude for emitting a µ-photon via transitions
l′ −→ l.
The process of optical pumping enters the equa-
tions through the pump rate Pll′ . The carrier-
carrier and carrier-phonon interactions are treated within
a correlation-expansion on a two particle level[20],
which leads to time- and energy-dependent in- and
out-scattering rates Γin/outl (t). Those incorporate all
electron-electron and electron-phonon scattering chan-
nels, including time-dependent Pauli blocking terms.
The Coulomb interaction is calculated by taking into
account many-particle and static dielectric screening in-
duced by the substrate [9, 12]. Within the relevant mo-
mentum regime, the energies of acoustic phonons are too
small to induce inter-Landau level transitions. Therefore,
carrier-phonon scattering is only considered for the domi-
nant optical phonon modes (ΓTO, ΓLO, KTO and KLO)
[21, 22] in a bath approximation [19]. The energy con-
servation of all interactions is softened due to the finite
dephasing of coherences resulting in a broadening of LLs.
The dephasing rates γll′ are determined self-consistently
considering many-particle and impurity-induced scatter-
ing [23–25]. Details of the calculation including expres-
sions for the pump and scattering rates, as well as the
self-consistent determination of the dephasing rates can
be found in the supplementary material.
The interaction strength between electrons and cavity
photons is determined by the coupling element gµll′ . Fur-
thermore, the photon generation rate is influenced by the
number of emitters that is given by the magnetic field de-
pendent LL degeneracy NB = BA/Φ0 corresponding to
the number of magnetic flux quanta Φ0 = h/e0 within the
graphene layer of area A. Since the electron-photon cou-
pling is relatively weak in graphene, spontaneous emis-
sion into non-lasing modes is negligibly small. We con-
sider a finite cavity photon lifetime (2κ)−1 = Q/ωσ± that
is given by the quality factor Q and the photon frequency
ωσ+ = ωσ−. Therewith we account for photon losses
due to cavity imperfections and laser light out-coupling,
which leads to a decay of the photon number towards a
thermal occupation n0. To prove whether coherent laser
light is emitted from graphene, we also track the tempo-
ral evolution of the photon statistics via the second-order
correlation function g(2)(t, τ). For zero delay time τ , it is
a measure for the quantum mechanical intensity fluctua-
tions of the emitted light[26]. Coherent laser light is char-
acterized by g(2)(t, 0) = 1, whereas g(2)(t, 0) > 1 holds
for thermal and g(2)(t, 0) < 1 for non-classical light. To
calculate g(2) we consider the evolution of photon-photon
and higher electron-photon-correlations (as for example
Tµl in Eq. 4) up to the quadruplet level[27, 28], cf. sup-
plementary material.
RESULTS
The solution of the luminescence Bloch equations re-
veals the non-equilibrium dynamics of the electronic con-
figuration and the number of photons within the cav-
ity, which provides a microscopic understanding of the
3Figure 2. Laser dynamics. (A) Time development of the oc-
cupation probabilities of the two laser levels in the conduction
band ρ2 and ρ1 at B = 4 T. The thermal electron population
at t = 0 is inverted (blue shaded area) after the pump field
is turned on (yellow line). Without stimulated emission, the
inversion would stay at the indicated value ∆pump (dashed
lines). (B) Evolution of the right circularly polarized photon
number nσ− (logarithmic) and the second order correlation
g
(2)
σ− (right axis). The population inversion induces an expo-
nential increase of the photon number by stimulated emission.
Due to the finite pump and relaxation rates, the population
inversion is depleted with rising photon number, resulting in
a quasi-stationary threshold inversion ∆th. During the stable
laser equilibrium the system emits coherent laser light char-
acterized by the second-order correlation function g(2)σ− = 1.
switch-on characteristics of the Landau level laser. In
the following, we investigate the dynamics at room tem-
perature and the following experimentally accessible con-
ditions: the cavity cross-section area A = 100µm2 (also
size of the graphene sheet, cf. Fig. 1C), the cavity length
is fixed due to the resonance condition L = λµ/2, a qual-
ity factor [29, 30] of Q = 5000 , a background screen-
ing εbg = 3.3 (corresponding to a SiC substrate), and
a reasonable impurity strength [31] determined by an
impurity-induced LL broadening of 2.5 meV at B = 4 T.
Laser dynamics. At first we study the laser dynam-
ics at the fixed magnetic field B = 4 T and the pump
intensity I = 10 kW/cm2. Since in undoped graphene,
the electron and hole populations within conduction and
valence band are fully symmetric, we focus on the elec-
tron dynamics in the following. Figure 2A shows the
temporal evolution of the electron occupation probabil-
ity of the two laser levels l = +2 and l=+1. Initially both
occupations are in thermal equilibrium characterized by
a Fermi-Dirac distribution with ρ1 > ρ2. At 100 ps, the
constant optical pump field is turned on transferring car-
riers from l = −3 to l = +2 giving rise to a population
inversion with ρ2 > ρ1, cf. the blue-shaded region in Fig.
1A.
Phonon-induced relaxation of excited carriers counter-
acts the optical excitation mainly through transitions
l = +2 → −2 and l = +2 → −3, cf. red arrows in
Fig. 1B. Coulomb-induced scattering is strongly sup-
pressed due to the non-equidistant nature of the optically
excited Landau levels. Besides the increase of ρ2, the
pump process indirectly leads to a decrease of ρ1, since
ρ−3 is optically depopulated opening up the channel for
phonon scattering via l = +1 → −3, which is sketched
as the inner green arrow in Fig. 1B. Shortly after the
pulse is switched on, a quasi-equilibrium between optical
excitation and relaxation due to the emission of phonons
is reached resulting in the pump-induced population in-
version ∆pump.
Including an optical cavity, the number of photons
increases exponentially via stimulated emission, once a
population inversion is established. Figure 2B shows the
time evolution of the right circularly polarized photon
number nσ+. The chain reaction of stimulated emissions
requires more than 100 ps to generate a significant num-
ber of photons reflecting the weak electron-light interac-
tion in graphene and the finite cavity photon lifetime.
The growing photon avalanche is accompanied by a de-
crease of the population inversion, due to the finite pump
and relaxation rates. The occupation of the upper laser
level ρ2 decreases, since the stimulated emission of pho-
tons via l = +2→ +1 breaks the balance between pump-
ing and phonon relaxation. Similarly, the finite lifetime
of l = +1 leads to an accumulation of carriers resulting in
an enhanced ρ1, cf. Fig. 2A. After approximately 500 ps,
a new quasi-equilibrium is reached that is characterized
by a reduced threshold population inversion ∆th. At that
point, gain and cavity losses compensate each other and
the number of photons remains constant. Hence, to enter
the laser regime, the pumped inversion ∆pump has to be
larger than ∆th. An analytic expression for the thresh-
old population inversion can be extracted from the static
limit of (3) and (4) by only considering the resonant po-
larization Sσ+12 and by neglecting spontaneous emission
∝ ρ2(1− ρ1) and higher-order photon correlations yield-
ing
∆th =
κ(κ+ γ12)
4NB |gσ+12 |2
. (5)
The larger the cavity losses (∝ κ) and the faster the decay
of the polarizations (∝ (κ+γ12)), the higher the threshold
inversion. On the other hand, a large number of emitters
(∝ NB) and a strong carrier-photon coupling gσ+12 result
in a higher photon generation rate and therefore act in
favor of a low threshold.
Finally, to describe the statistics of the emitted pho-
tons, we calculate the second-order correlation function
g(2), cf. the right y-axis in Fig. 2B. Initially before the
optical pumping, we find g(2) = 2 characterizing photons
in thermal equilibrium. Once a population inversion is
reached, the number of photons increases due to stimu-
lated emissions, and g(2) approaches the value 1 charac-
terizing coherent laser light.
4Figure 3. Laser tunability. Time development of the (A)
population inversion, (B) photon number, and (C) the second
order correlation function for technologically relevant mag-
netic fields at constant pump intensity of I = 10 kW/cm2.
The multiple number of optical phonon modes, which can
either support or counteract the laser operation lead to a re-
markable magnetic field dependence of the laser dynamics.
There are three regimes (marked with I, II, and III), where
the population inversion is large enough to generate a signifi-
cant number of photons. Within these magnetic field regimes
the system produces coherent THz radiation characterized by
g(2) = 1.
Tunability of the laser frequency. A crucial advan-
tage, of the LL laser is its tunabilty, since the spacing be-
tween LLs is adjustable through the magnetic field. How-
ever, to allow carriers to perform cycles within the three-
level laser system, a non-radiative decay l = 1 −→ −3
(and l = 3 −→ −1) via the emission of optical phonons
is required, which have discrete energies. The non-trivial
interplay of the multiple phonon modes gives rise to a
very interesting magnetic field dependence of the laser
dynamics. Figure 3 shows the temporal evolution of (A)
the population inversion, (B) the photon number nµ, and
(C) second-order correlation function g(2) for the techno-
logically relevant magnetic fields B at a constant pump
intensity of I = 10 kW/cm2.
The length L of the cavity is adjusted to the B-
Figure 4. Interplay of phonon resonances. Magnetic
field dependence of the net phonon relaxation rates during the
quasi-equilibrium, classified as laser cycle supporting (green
filled curve) and counteracting channels (red filled curve).
Photons (white curve) are only generated in regimes where
supporting processes are resonant. Phonon-assisted coun-
teracting channels deplete the population inversion and thus
damp the generation of photons.
dependent resonance condition L = λµ/2 = pic~/(ε2 −
ε1). Moreover, the pump frequency is changed to match
the transition l = −3 −→ 2. Since, the distance be-
tween LLs and also their broadening increases with the
magnetic field, the pump rate P ∝ I/(ω2γ) (cf. sup-
plementary material) decreases. Thus, at magnetic fields
B > 5 T the pump intensity is not sufficient to exceed the
threshold population inversion ∆th. At very low mag-
netic fields B < 0.5 T, the separation of LLs becomes
too small to selectively pump a single LL transition, so
that neighboring LLs are also pumped. As a result, the
population inversion completely vanishes within the first
200ps, cf. Fig. 3(A). Between 0.5 T and 5 T, we find
three distinguished zones (marked with I, II, and III),
where lasing takes place. The thermal equilibrium at
t = 0 is pumped to an intermediate quasi-equilibrium
at t = 100 ps. Only if the achieved population inversion
∆pump significantly exceeds ∆th (blue areas in Fig. 3A),
stimulated emission can induce a photon avalanche and
the photon number exponentially increases, cf. yellow
areas in Fig. 3B. The time scale of that process strongly
depends on how large ∆pump is and how well phonon-
induced processes assist the laser cycle. The green zones
in Fig. 3C further illustrate that the three regimes of Fig.
3A coincide with the emission of coherent laser light.
The appearance of the three distinct magnetic field
zones can be well understood by examining the B-
dependence of the phonon relaxation rates. In partic-
ular, we distinguish between laser supporting channels
and processes which deplete the population inversion, cf.
green and red arrows in Fig. 1B. The corresponding net
phonon relaxation rates (sum over all phonon modes)
during the quasi-equilibrium are illustrated in Fig. 4. A
significant number of photons (white curve) is only gener-
ated in B regimes, where the laser cycle is effectively sup-
5Figure 5. Laser threshold. (A) Photon number in quasi-
equilibrium as a function of magnetic field and pump intensity.
For each magnetic field there is a minimum pump intensity
to achieve a sufficient population inversion to induce lasing.
The magnetic field dependence of the laser threshold and the
photon generation efficiency above threshold reflect the inter-
play of laser cycle supporting and counter acting phonon reso-
nances. (B) Magnetic field dependence of the threshold pump
intensity for different cavity quality factors Q and tempera-
tures T (with Q=5000). High qualities and low temperatures
act in favor of a lower laser threshold.
ported by phonon-assisted non-radiative processes (green
filled curve).
In regime I, K-phonons are resonant with the transition
l = +3→ −3 (outer green arrow in Fig. 1B), which leads
to a very efficient optical pumping, since Pauli blocking
is bypassed. Regime III is characterized by the domi-
nant resonance of Γ-phonons inducing the LL transition
l = +1→ −3 (and l = +3→ −1), which closes the laser
cycle and therefore enables an efficient laser operation. In
regime II, both supporting channels are resonant, how-
ever, the counteracting processes (sketched in red in Fig.
1B) are also important (red filled curve). At about 2 T
and 3 T they give rise to a very fast decay of ρ2. As a
consequence, the pumped inversion ∆pump can not ex-
ceed ∆th and no lasing occurs.
To sum up, at the chosen pump intensity the laser
frequency can be externally tuned by applying magnetic
fields in three zones between 0.5 and 5 T, where favorable
phonon resonances occur.
Optimal conditions. So far, we have fixed the pump
intensity, the cavity quality factor, and the temperature.
Here, we vary these experimentally accessible quantities
aiming at optimal conditions for lasing. Figure 5A illus-
trates the number of photons within quasi-equilibrium as
a function of the pump intensity and the magnetic field.
Within the black areas, the pump intensity is too low to
establish lasing. The pronounced line between dark and
bright areas denotes the threshold intensity as a func-
tion of the magnetic field. Above the threshold intensity,
∆pump exceeds ∆th and the emission of coherent light
occurs. The general upward trend of the threshold in-
tensity is owed to the decrease of the pump transition
rate with the magnetic field. Moreover, the peaks within
the threshold curve are caused by the phonon resonances
counteracting the population inversion and are equiva-
lent to the peaks of the red filled curve in Fig. 4. We
observe that also for B > 5 T lasing can occur at high
pump intensities of above 10 kW/cm2. For very high
magnetic fields with B > 7 T, the threshold intensity
strongly increases, since the pump efficiency decreases
and a new phonon-induced counteracting relaxation pro-
cess with l = +2 → 0 → −2 becomes resonant. This in-
vestigation shows that - provided sufficient pump power
- the proposed laser design is in principle tunable over a
broad spectral range. At a pump intensity of 20 kW/cm2,
the Landau-level laser can be continuously tuned in a
range 3−9.5 THz by applying magnetic fields of 0.7−7 T.
Furthermore, the laser threshold can be lowered by im-
proving the experimental conditions. Figure 5B shows
the magnetic field dependence of the threshold pump
intensity for different cavity quality factors Q and dif-
ferent temperatures T . In general, high quality factors
and low temperatures lead to an overall decrease of the
laser threshold. The influence of the Q factor can be
explained by the dependence ∆th ∝ κ2 ∝ Q−2, cf. Eq.
5. That means, the higher the photon lifetime, the lower
the minimum gain to compensate cavity losses. However,
for Q −→ ∞ the minimum pump intensity still has to
be sufficient to invert the inital thermal LL occupation
resulting in a saturation behavior for higher Q values.
Thus, cooling the system has a much higher impact on
the threshold, cf. the dashed lines in Fig. 5B.
In conclusion, we predict a strategy to achieve coherent
terahertz laser emission exploiting the unique properties
of graphene in magnetic fields. Based on a microscopic
and fully quantum-mechanical study of the coupled elec-
tron, phonon, and photon dynamics in optically pumped
Landau-quantized graphene coupled to an optical cavity,
we show that the emission of coherent terahertz radiation
can be obtained under feasible experimental conditions.
Provided an adequate cavity and sufficient pump power,
the laser frequency can be externally tuned in the range
of 3 − 9.5 THz by applying magnetic fields of 0.7 − 7 T.
The presented work provides a concrete recipe for the
experimental realization of tunable graphene-based tera-
hertz laser systems.
6[1] M. Tonouchi, “Cutting-edge terahertz technology,” Na-
ture photonics 1, 97–105 (2007).
[2] E. Pickwell and V. P. Wallace, “Biomedical applications
of terahertz technology,” Journal of Physics D: Applied
Physics 39, R301 (2006).
[3] H.-B. Liu, H. Zhong, N. Karpowicz, Y. Chen, and X.-C.
Zhang, “Terahertz spectroscopy and imaging for defense
and security applications,” Proceedings of the IEEE 95,
1514–1527 (2007).
[4] J. Federici and L. Moeller, “Review of tera-
hertz and subterahertz wireless communications,”
Journal of Applied Physics 107, 111101 (2010),
http://dx.doi.org/10.1063/1.3386413.
[5] H. Aoki, “Novel Landau level laser in the quantum hall
regime,” Applied Physics Letters 48 (1986).
[6] T. Morimoto, Y. Hatsugai, and H. Aoki, “Cyclotron radi-
ation and emission in graphene - a possibility of Landau-
level laser,” Journal of Physics: Conference Series 150,
022059 (2009).
[7] F. Wendler and E. Malic, “Towards a tunable graphene-
based Landau level laser in the terahertz regime,” Scien-
tific Reports 5 (2015).
[8] Y. Wang, M. Tokman, and A. Belyanin, “Continuous-
wave lasing between Landau levels in graphene,” Phys.
Rev. A 91, 033821 (2015).
[9] M. O. Goerbig, “Electronic properties of graphene in a
strong magnetic field,” Rev. Mod. Phys. 83, 1193–1243
(2011).
[10] M. L. Sadowski, G. Martinez, M. Potemski, C. Berger,
and W. A. de Heer, “Landau level spectroscopy of ultra-
thin graphite layers,” Phys. Rev. Lett. 97, 266405 (2006).
[11] K. M. Rao and J. Sipe, “Coherent photocurrent control
in graphene in a magnetic field,” Physical Review B 86,
115427 (2012).
[12] F. Wendler, A. Knorr, and E. Malic, “Carrier multipli-
cation in graphene under Landau quantization,” Nature
Communications 5 (2014).
[13] M. Engel, M. Steiner, A. Lombardo, A. C. Ferrari, H. v.
Löhneysen, P. Avouris, and R. Krupke, “Light–matter
interaction in a microcavity-controlled graphene transis-
tor,” Nature Communications 3, 906 (2012).
[14] H. Haug and S. W. Koch, Quantum theory of the op-
tical and electronic properties of semiconductors, Vol. 5
(World Scientific, 1990).
[15] F. Rossi and T. Kuhn, “Theory of ultrafast phenomena
in photoexcited semiconductors,” Rev. Mod. Phys. 74,
895–950 (2002).
[16] M. Kira and S. Koch, “Many-body correlations and exci-
tonic effects in semiconductor spectroscopy,” Progress in
quantum electronics 30, 155–296 (2006).
[17] E. Malic and A. Knorr, Graphene and Carbon Nanotubes:
Ultrafast Optics and Relaxation Dynamics (John Wiley
& Sons, 2013).
[18] S. Reich, J. Maultzsch, C. Thomsen, and P. Ordejón,
“Tight-binding description of graphene,” Phys. Rev. B
66, 035412 (2002).
[19] F. Wendler, A. Knorr, and E. Malic, “Ultrafast carrier
dynamics in Landau-quantized graphene,” Nanophoton-
ics 4, 224–249 (2015).
[20] E. Malic, T. Winzer, E. Bobkin, and A. Knorr, “Micro-
scopic theory of absorption and ultrafast many-particle
kinetics in graphene,” Phys. Rev. B 84, 205406 (2011).
[21] S. Piscanec, M. Lazzeri, F. Mauri, A. Ferrari, and
J. Robertson, “Kohn anomalies and electron-phonon in-
teractions in graphite,” Physical Review Letters 93,
185503 (2004).
[22] J. Maultzsch, S. Reich, C. Thomsen, H. Requardt, and
P. Ordejón, “Phonon dispersion in graphite,” Phys. Rev.
Lett. 92, 075501 (2004).
[23] T. Ando and Y. Uemura, “Theory of quantum transport
in a two-dimensional electron system under magnetic
fields. i. characteristics of level broadening and transport
under strong fields,” Journal of the Physical Society of
Japan 36, 959–967 (1974).
[24] N. H. Shon and T. Ando, “Quantum transport in two-
dimensional graphite system,” Journal of the Physical
Society of Japan 67, 2421–2429 (1998).
[25] H. Funk, A. Knorr, F. Wendler, and E. Malic, “Micro-
scopic view on Landau level broadening mechanisms in
graphene,” Physical Review B 92, 205428 (2015).
[26] M. O. Scully and M. S. Zubairy, Quantum optics (Cam-
bridge university press, 1997).
[27] C. Gies, J. Wiersig, M. Lorke, and F. Jahnke, “Semicon-
ductor model for quantum-dot-based microcavity lasers,”
Phys. Rev. A 75, 013803 (2007).
[28] R. Jago, T. Winzer, A. Knorr, and E. Malic, “Graphene
as gain medium for broadband lasers,” Physical Review
B 92, 085407 (2015).
[29] K. J. Vahala, “Optical microcavities,” Nature 424, 839–
846 (2003).
[30] T. Chen, P. Liu, J. Liu, and Z. Hong, “A terahertz pho-
tonic crystal cavity with high q-factors,” Applied Physics
B 115, 105–109 (2014).
[31] M. Mittendorff, F. Wendler, E. Malic, A. Knorr, M. Or-
lita, M. Potemski, C. Berger, W. A. de Heer, H. Schnei-
der, M. Helm, et al., “Carrier dynamics in Landau-
quantized graphene featuring strong auger scattering,”
Nature Physics 11, 75–81 (2015).
ACKNOWLEDGMENTS
We acknowledge financial support from the EU
Graphene Flagship, the Swedish Research Council
(VR), and the Deutsche Forschungsgemeinschaft (DFG)
through SPP 1459. Furthermore, we thank A. Knorr (TU
Berlin) and S. Winnerl (Helmholtz-Zentrum Dresden-
Rossendorf) for inspiring discussions on Landau level
lasers.
7Proposal for a tunable graphene-based terahertz Landau-level laser
–SUPPLEMENTARY MATERIAL–
Samuel Brem1∗, Florian Wendler1 and Ermin Malic2
1 Institute of Theoretical Physics, Nonlinear Optics and Quantum Electronics,
Technical University Berlin, Hardenbergstrasse 36, Berlin 10623, Germany.
2 Department of Applied Physics, Chalmers University of Technology, SE-412 96 Göteborg, Sweden
MANY-PARTICLE HAMILTON OPERATOR
The temporal evolution of electrons in Landau-quantized graphene coupled to a set of photon and phonon modes is
determined by the many-particle Hamilton operator
H = Hel +Hph +Hpt. (6)
The electronic part reads
Hel=H0,el +Hel-el +Hel-l =
∑
i
εia
†
iai +
1
2
∑
ijkl
Vijkla
†
ia
†
jakal − i~
e0
m0
∑
ij
Mij ·A(t)a†iaj , (7)
and is constituted by the electronic creation and annihilation operators a†i and ai. Here the compound index i =
(li,mi, si, ξi) determines the electronic state[9, 19], containing the Landau level index l = ...,−2,−1, 0, 1, 2, ..., the
quantum number m = 0, 1, .., NB−1, which can be associated with the position of the cyclotron orbits in the graphene
plane of surface A (NB = Ae0B/(2pi~) is the number of magnetic flux quanta within the graphene plane), the spin
s = ±1/2 and valley index ξ = ±1. We include the free contribution of carriers with eigenenergies εi (cf. the
manuscript), the carrier-carrier interaction determined by the Coulomb matrix element Vijkl, and a semi-classical
carrier-light coupling, which is given by the optical matrix element Mij = 〈i|∇|j〉 and the local vector potential A(t).
The elementary charge and the electron mass are denoted by e0 and m0, respectively. The tight-binding expressions of
the electronic eigenenergies, eigenfunctions and all matrix elements can be found in our review article about Landau-
quantized graphene[19]. The semi-classical carrier-light coupling is used to describe the interaction with the optical
pump field, whereas the light of the laser mode is treated fully quantum mechanically.
The phonon (photon) part of the Hamiltonian denoted with the subscript ’ph’ (’pt’) is given by
Hph = H0,ph +Hel-ph =
∑
νq
~Ωνqb†νqbνq +
∑
ijνq
Gνqij a
†
iaj(bqν + b
†
−qν) (8)
Hpt = H0,pt +Hel-pt =
∑
µ
~ωµc†µcµ − i~
∑
ijµ
(gµija
†
iajcµ − gµ∗ij a†jaic†µ) (9)
and includes phononic (photonic) creation operators b†νq (c†µ) corresponding to the mode ν (µ) and the phonon
momentum q. It consists of a free part given by the phonon (photon) frequency Ωνq (ωµ) and an interaction part
including the carrier-phonon (-photon) matrix element Gνqij ( g
µ
ij).
The electron-photon Hamiltonian can be deduced from the semi-classical electron-light coupling by quantizing the
vector potential A and expanding it in normal modes. Hence, the electron-photon matrix element is given by
gµij =
e0
m0
√
~
20V ωµ
Mij · eµ, (10)
with the normalized polarization vector of the photon mode eµ and the quantization volume V , which in case of a
laser is equal to the volume of the cavity.
EQUATIONS OF MOTION
We evaluate the Heisenberg equation of motion i~∂t〈O〉 = 〈[O, H]〉 to determine the temporal evolution of the
occupation probabilities of electronic eigenstates ρi = 〈a†iai〉 and the photon numbers nµ = 〈c†µcµ〉. To prove whether
8coherent laser light is emitted from graphene, we also track the temporal evolution of the photon statistics via the
second-order correlation function g(2), which for zero delay time is given by
g(2)µ (t) =
〈c†µc†µcµcµ〉(t)
〈c†µcµ〉(t)2
= 2 +
hµ(t)
nµ(t)2
. (11)
Coherent laser light (Poisson statistics) is characterized by g(2)(t) = 1, whereas g(2)(t) > 1 holds for thermal and
g(2)(t) < 1 for non-classical light [26]. To calculate g(2) we need to consider the evolution of the photon-photon corre-
lation hµ(t) = 〈c†µc†µcµcµ〉c(t). To this end, we calculate all relevant electron-photon-correlations up to the quadruplet
level[27, 28], thus including equations for Tµi (t) = 〈c†µa†iai cµ〉c(t) and Uµij(t) = 〈c†µc†µa†iajcµ〉c(t). Carrier-carrier
and carrier-phonon correlations beyond doublets are neglected. We obtain the following set of coupled differential
equations:
d
dt
ρi = 2
∑
µ,j
<{|gµji|2Sµij − |gµij |2Sµji}+
∑
j
Pij(ρj − ρi) + Γini (1− ρi)− Γouti ρi (12)
d
dt
nµ = 2
∑
ij
|gµij |2<{Sµji} − 2κµ(nµ − n0µ) (13)
d
dt
Sµij = i(ωij + ωµ + iκµ + iγij)S
µ
ij + ρj(1− ρi)− nµ(ρi − ρj)− Tµi + Tµj (14)
d
dt
Tµi = −(2κµ + γii)Tµi + 2
∑
j
<{|gµji|2Uµij − |gµij |2Uµji}
+2
∑
j
<{|gµji|2Sµij(nµ + 1− ρi)− |gµij |2Sµji(nµ + ρi)} (15)
d
dt
Uµij = i(ωij + ωµ + 3iκµ + iγij)U
µ
ij − 2|gµji|2(Sµij)2
−hµ(ρi − ρj)− 2nµ(Tµi − Tµj ) + 2(1− ρi)Tµj − 2ρjTµi (16)
d
dt
hµ = 4
∑
ij
|gµij |2<{Uµji} − 4κµhµ, (17)
where we have rescaled Sµij −→ gµjiSµij and Uµij −→ gµjiUµij for simplicity. Further, ωij = (εi − εj)/~ denotes the
electronic transition frequency and the finite photon lifetime (2κµ)−1 = Q/ωµ accounts for cavity losses, which are
determined by the cavity quality factor Q. The Coulomb and phonon interactions are treated within second order
Born-Markow approximation[17], which gives rise to the scattering rates Γin/outi = Γ
in/out,el
i + Γ
in/out,ph
i with,
Γin,eli =
2pi
~2
∑
abc
Vabci(Vciab − Vicab)ρaρb(1− ρc)L(γac + γbi, ωac + ωbi) (18)
Γout,eli =
2pi
~2
∑
abc
Vabci(Vciab − Vicab)(1− ρa)(1− ρb)ρcL(γac + γbi, ωac + ωbi) (19)
Γin,phi =
2pi
~2
∑
jνq
|Gνqij |2ρj
(
NνqL(γij , ωji + Ωνq) + (Nνq + 1)L(γij , ωji − Ωνq)
)
(20)
Γout,phi =
2pi
~2
∑
jνq
|Gνqij |2(1− ρj)
(
NνqL(γij , ωij + Ωνq) + (Nνq + 1)L(γij , ωij − Ωνq)
)
. (21)
Applying a bath approximation, the phonon number Nνq = 〈b†νqbνq〉 can be fixed to the thermal occupation (Bose-
Einstein statistics). This is a good approximation in the considered laser regime. Phonon scattering is considered only
for the dominant optical phonon modes ΓTO, ΓLO, KTO and KLO [21, 22], with KLO = 151 meV, KTO = 162 meV,
ΓLO = 198 meV and ΓTO = 192 meV (Einstein approximation).
The energy conservation is softened due to the Lorentzian broadening
L(γ, ω) = 1
pi
γ
γ2 + ω2
, (22)
9whose width is given by the dephasing γij , which is self-consistently determined [17] considering impurity and many-
particle scattering. It reads
γij = γimp + γ
el
ij + γ
ph
ij with γ
el/ph
ij =
1
2
∑
k=i,j
(Γ
in,el/ph
k + Γ
out,el/ph
k ). (23)
Since the scattering rates Γi themselves depend on the dephasing, they are determined iteratively starting with
γij = γimp.
The disorder contribution to the equation of motion is derived within a selfconsistent Born approximation, following
the approach of Shon and Ando [23, 24]. We assume [19],
γimp =
vF
lB
√
Aimp
= vF
√
e0B
~Aimp
, (24)
where Aimp denotes a dimensionless parameter characterising the scattering strenght of the impurity potential[23, 24].
Since this parameter is not accessible in experiments, we assume the impurity parameter Aimp = 420 , since the
corresponding broadening of 2.5 meV at B = 4 T is in good agreement with experimental studies of linewidths in
absorption spectra [31].
To obtain the optical pump rate Pij , the equation of motion for the microscopic polarization pij = 〈a†iaj〉 is solved
within the Markow and rotating wave approximation. For a constant optical pump field with the frequency ωP,
intensity IP, and polarization eP one obtains:
Pij =
( e0
m0
)2 piIP
0cω2P
|Mij · eP|2
(
L(γij , ωij + ωP) + L(γij , ωij − ωP)
)
(25)
The degeneracy of Landau levels in spin s = ±1/2, valley ξ = ±1 and quantum number m = 0, 1, .., NB − 1 gives
rise to a total amount of 4NB LLs with the same energy. Our numerical calculations show that for NB  1 the
electronic dynamics only depend on the Landau level index l, i.e. all degenerated levels behave equally. Thus, we
define averaged quantities,
ρl =
1
4NB
∑
m,s,ξ
ρ(l,m,s,ξ) (26)
Sµl,l′ =
1
4NB
∑
m,s,ξ
Sµ(l,m,s,ξ)(l′,m,s,ξ), (27)
where we only have to consider s-,ξ- and m-diagonal polarizations, since other polarizations are forbidden by selection
rules [19]. Tµi and U
µ
ij are treated in analogous manner. As we assume that all observables are in good approximation
independent of m, s and ξ, we set ρl ≈ ρ(l,m,s,ξ), Sµl,l′ ≈ Sµ(l,m,s,ξ)(l′,m,s,ξ) and so forth. Hence, the photon generation
rate in Eq. 13 can be written as,
∑
ij
|gµij |2Sµji ≈ 4NB
∑
li,lj
|gµlilj |2S
µ
lj li
, (28)
where[19] gµij = g
µ
lilj
δmi,mjδsi,sjδξi,ξj . The same procedure applies for the sums in Eq. 17.
